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1.3 Length and Angles in R? and R?

Quote. “Mathematics as a science commenced when first someone, probably a Greek, proved
propositions about ‘any’ things or ‘some’ things, without specifications of definite particular things”

Vocabulary.

e length (or magnitude or norm) of a vector: how long the vector is.
N rm— W\
e angle of a vector: the angle between the z-axis and the vector, measured counterclockwise. o/

e product: the product of two things is the result of multiplying them.

,_H e dot product: a type of vector multiplication (more below).

/ e cross product: a type of vector multiplicatio we will not cover this). be (arefu I w&e”

orthogonal: at right angles, perpendicular. | USIW lf

" { h’* e normal vector: a vector that is orthogonal to what it is being referenged to. ﬂl’g"@Vﬂi ohs
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h M 1. Length of a vector in R? / —_-/ L7 WI” ”af Use
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m} What is the length of a vector v = (vy, v2)?
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Definition: The length or magnitude or norm of a vector. The length of a vector
v = (v1,v2) in R? is
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Properties:

Let v be a vector and k a scalar. Then

(@) Ivll 2 0
) [1kvil =Qivil mult vedor =2 long
(¢) ||v]| = 0 if and only if v =0



2. Angle between vectors in R?

The angle between two nonzero vectors is the smallest non-negative angle needed to rotate
one vector to the other.
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Theorem 0.1 If « is the angle between nonzero vectors u and v in R?, then
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Proof: (Recall the law of cosinfs: ¢ = a? + b? — 2abcos )

\Jieo (alar multiplication

Example. Find the angle between (1,2) and (-1,5).
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HEK
DALY
MY sox =0 10)0)
(I7)(%3)

X = QW8 __?__-)
%




3. Dot product in R? ; [8]

The dot product (also called the (Euclldean) 1nner product) of vectors u = (u,u2) and

L', 0 v1,v2) is the scalar v A\ i Y
, u-v=1uiv +U2112 u daf '/
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)Calculate ||1\1’\—t\\;|| +lju—v|]* = -~ (Parallelogram Equality).
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Algebraic properties

) u-v =v-u (ommutafive

() (@ u-(v4w)=u-viu-wand (b) (Ut v)-Ww=u-wtv-w f—dljfﬂbl/{()n
(©) k(u-v) = (ku) v =u- (kv)
(8 EZZV:—OW)=u-V—u-W <— ;w - (] 2,5)
Prove 2(a) using the definition of dot product V (,4 S' 6
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4. Orthogonality :‘“.

Two vectors are orthogonal to one another if their dot product is zero.

(0)-(1)-0

Example.
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5. Length, Angles and Dot products in R3

The dot product of vectors u = (uy, ug,u3) and v = (vy,va,v3) is the scalar
u- VvV =1ujv + ugvs + u3vs

Example.

Length can be computed using the dot product.

The length of the vector u = (u1, ug, uz)fis denoted ||u|| and can be computed
which is y/u - u.
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Example.
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P"bf) 6. Distance

Distance between points u = (uj,u2,u3) and v = (v1,v2,v3) in R® (or R?, with two
component vectors), denoted by d(u,v) is the norm of the vector v — u, i.e.,

= G-V | GG

Properties:

s\

= (a) d(u,v) >0
== (b) d(u,v) =0 if and only if u =v
—-} (c) d(u,v) =d(v,u)
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Example.

dliny)=J(2)
=ff

<
=i/

u=(3)-(5
(3




a




7. Scalar equations of Lines and planes.

We have seen the vector and parametric description of both lines and planes:
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And we know how to represent a line with alscalar equation:

Y=0x Al”:y =(
y=aity , b0 (not hrovgh origi) Dlane hafly =)

We define the normal vector to a plane as a vector that is orthogonal to any line segment
in the plane:
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And we use that to find the scalar equation of a plane:



8. A bunch of exercise to do!

(a)
(b)
(c)
(d)

Describe a line in R? passing through point xg = (1, 2) and parallel to vector v = (3, 4).
Do the lines (z,y,2) = (2,0,1)+r(3,—1,0) and (x,y, z) = (5,1, —4)+s(1, 0, 2) intersect?
What is the vector equation of the line passing through points xg and x; in R3?

What is the vector and parametric equation of the line passing through points (0,1, 1)
and (1,1,0)

Describe points of the plane passing through point xg which are perpendicular to vector
n in R3

Find the point-normal and general equations of the plane through (1, 1,2) with normal
<_17 27 1)

Describe the plane in R? given by the equation 1(z —3) +2(y +2) —3(2 — 1) =0

Describe points of a plane passing through a point x¢ and parallel to two vectors vq
and vg (that are not parallel) in R"

Find a vector/parametric equation of the plane passing through points (1,0, 0), (0, 1,0)
and (0,0,1).



