3.1 Operations on Matrices

Quote. “By natural selection our mind has adapted itself to the conditions of the external world. It
has adopted the geometry most advantageous to the species or, in other words, the most convenient”
Jules Henri Poincaré (18541912)

Vocabulary:.

e Matrix - a rectangular array of numbers. '<||

1. Matrices
A matrix is a rectangular array of numbers (called entries):

@ a2 ... Qin ﬁ

e M= s
(chon't backwurolc MUJ)} N = # columns

To specify the names of entries and the size of the matrix we will sometimes use the notation:

A= [Qij]mm =[al'i]

’
The size of this matrix is M N

or symbol (A);; represents the entry of A in row i and column j. Two matrices are equal if
they are the same size and all of the entries are the same. '
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A square matrix is a matrix with the same number of rows and columns:

n=m

The entries ai1,a99,...,a,, are called the diagonal entries or the main diagonal.
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2. Diagonal Matrices

A square matrix in which all entries off the main diagonal are zero is called a diagonal
matrix.

0 0
Example: D = | 0 0
0 O
3. Triangular matrices
e A square matrix in which all entries above the main diagonal are zero is called lower

triangular (LT), and a square matrix in which all the entries below the main diagonal
are zero is called upper triangular (UT).

e A matrix that is either upper triangular or lower triangular is called triangular (T).

Example: Which one of the following matrices is upper/lower triangular?
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Example: How can we express these properties algebraically?

o Ais UT if a;; = O ; for every (>J
o Ais LTifaij= O 7f0reverYJ>£‘

Example: Can a matrix be both lower and upper triangular?
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4. Equality of matrices: Two matrices A and B are equal if they have the same size and
their corresponding entries are equal,

that is, if A = [aij]mxn and B = [bij]TXS then VL m ’i
A—pBes MzF, NS
, | {or al

5. Addition, subtraction atxg scaqyr multiplication of matrices. Addition, subtraction
and scalar multiplication:
If matrices A and B have the same size and c is a scalar then

(A+B)ij = (A)ij + (B)ij (A—DB)y=(A)ij — (B)ij (cA)ij = c(A)i

If they do not have the same size A+ B and A — B are undefined.

Ezxample. Given matrices

2 0 6
4 -3 0 1 2 3
[ ][ 3 O ey 2 -

Evaluate A+ B, A+ D, B— D, C — B, 5A and
Hiﬂzmde@gd e
m-T297.08 21- (v o
EIURR AN
0-)- uno\eﬁneoi 4

(-g; [' _,O] Mo REY

=0 0
4 3 LW [§

3
5
8

——




. List of row and column vectors

Any matrix can be thought of as

(a) alist (row) of columns vectors; or
(b) a list (column) of row vectors.
In general, if A = [aj|mxn, we can write
r1(4)
ra(A)
A= [cl(A) c2(A) ... cn(A)] = :
'm(A)

where r;(A) is the i-th row of A and c;(A) is the j-th column of A.
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Example. What are the column and row vectors of A =
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7. Span and linear independence for Matrices In -H'e »I-Q,Y“gook

These follow directly from the same definitions we had for vectors.

Let # = {A;,...., A} be a set of matrices. *Q&QY S uc

The span of Z is defined as Span B = {t1 41 + .... + tx Ak}

The set 4 is linearly independent if the only solution to ¢1 Ay + .... + g A, = 0

isci=..=c¢,=0.

8. Example
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9. Transpose

If Ais an m x n matrix, then the transpose of A, denoted as A7, is the n x m matrix
created by making the rows of A into columns. We can write this as (AT);; = (4);;. >> B

_ N1

0 2 4} and B=[8 7 1]. Find A7, BT and (B").

Example. Suppose A = [
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10. Matrix vector multiplication ( (amo" dm 54 /}ow |m|lorfdml ﬂ?LS 15)

Example. Consider the following linear system

3x1—Tro+ x3=4
51+ xo+2x3=2
We can naturally associate three matrices with the system:
a=[E I e 1] -
= ) X = 5 an -
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A is usually called the coefficient matrix of the system.

.
We want to define the product Ax in such a way that the m = 2 lineaf equatjons can be 2
rewritten in a single matrix equation Ax = b.
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The product Ax (definition):

Suppose A is an m X n matrix and x is an n X 1 column vector. The product Ax is defined
as:

|a11x1 + ajgrs + -+ alnxn|
a21%1 + a2x2 + - -+ + ApTn

aill ai12 e A1n
a1 a2 N ¢ o)

Am1T1 + Am2T2 + ++* + ATy

| Am1 Am2 ... (Gmn

Remark: The result of multiplication is m x 1 column vector. The product is only defined
when the number of columns of A is the same as the number of rows of x.
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We can also view the product Ax as a hnear combination of column vectors of A:

a11x1 + a12xs + - -+ + a1pTy
a21x1 + ag2xo + - -+ + a2,
Ax = ) = z1c1(A) + x2c2(A) + - -+ + xpcn(A)

Am1T1 + Am2Z2 + - - + AmpTn
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Or we can view the product Ax as a column vector composed of dot products of row vectors

of A and x:
[0

| anzi +aze + -+ + a1y | 1(A)
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11. The product AB
Suppose A is an m X n ma and B i n X p matrix. The product AB is the m x p

matrix defin: d
[Ac1(B) Acz(B) ... Acp(B)]

1 0 5 1 10 -2 0
Ezample. Given A = [3 9 6 1 5 , find AB and BA.
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12. Linearity properties If A is an m X n matrix, u and v are vectors in R", and c¢ is a scalar,
then

ot et —— Plc)= (AL

(b) A(u v) = Au+ Av

Au wl= M N
Natries are. .

13. IMPORTANT properties of matrix mutliplication

e Matrix multiplication is @OT commutative) ﬁ R# Bﬁ

The cancellation law is NOT valid

[ ] .
e AB = 0 does not mean that one of A or B is zero. m
Not valid

MB=0 does ngt mean A=0 or B-0 T4 does NOT mean
"W:O 'H’ﬂ* Bsc

14. The Identity Matrix

lays fhe role of 1.
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